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The geodesic flow of an $n$-dimensional riemannian manifold is said to be
(completely) integrable if it admits $n$ first integrals (including the hamilto-
nian) that mutually commute with respect to the Poisson bracket and that
are functionally independent almost everywhcrc. In this talk I will give an
exposition of three kinds of riemannian manifolds whose geodesic flows are
integrable, which I studied recently. Two of those are called Liouville mani-
folds and K\"ahler-Liouville manifolds respectively. The third one is a certain
kind of two-dimensional riemannian manifolds, which are diffcomorphic to
the sphere, and whose geodsic flows admit fioet integrals that are fiberwime
homogeneous polynomials of degree greater than two.
1. Liouville $mal\dot{u}folds$ Liouville manifolds are, roughly $speal\{ing$ , rie-
mannian manifolds whose geodesic equations have similar forms as those of
ellipsoids. Since such systems were studied by Liouville, and since in two-
dimensional case they have been called “Liouvillc surfaces”, we call thcrn
Liouville manifolds. The precise definition is as follows: Let $l\backslash \parallel$ be an n-
dimensional complete riemannian manifold, and let $E$ be the associated
energy function (the hamiltonian of the geodesic flow). Let $\mathcal{F}$ bc an n-
dimensional vector space of functions on the cotangent bundle $T^{*}1\backslash ,\prime 1$ that
are fiberwise homogeneous polynomials of degree two. We say that the $pa$.ir
$(M,\mathcal{F})$ is a Liouville manifold if the following four conditions are $sati_{b^{\backslash }}I_{\grave{1}}ed$ :
(L.1) $E\in \mathcal{F}|$.
(L.2) $\{\Gamma^{\tau}, H\}=0$ for any $F,$ $H\in \mathcal{F}$ ;
(L.3) $F_{p}$ $(\Gamma^{r}\in F)$ are simultaneously normalizable for any $p\in M$ ;
(L.4) $\dim\{\Gamma_{p}^{j}|F^{\urcorner}\in \mathcal{F}\}=n$ at some point $p\in M$ ;
where $\Gamma_{p}^{i}=\Gamma^{i}|_{T_{p}^{*}M}$ . We assume some non-degeneracy condition, called
properness, and obtain the notaion of “ $ranl<$” It ma.$y$ be said $t\mathfrak{l}\iota a.l|\supset roper$
Liouville manifolds of rank one are $f_{c}\backslash irly$ well undcrstood.
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2. K\"abler-Liouville $ma\iota\dot{u}folds$ The notion of K\"ahler-Liouville mani-
fold is a hermitian vcrsion (or a complexification) of that of Liouvillc $mc\backslash .ni-$
fold. The definition is $c\backslash S$ follows: Let $M$ be a complete K\"ahler $mar\iota ifold$ of
complex dimension $n,$ $I$ its complex structure, and $E$ its energy function (the
hamiltonian of the geodesic flow). Let $\mathcal{F}$ be an $n$-dimensiorlal vectoI $sp_{C}\backslash cc$
of functions on the cotangent bundle $T^{*}M$ that are Iiberwise homogeneous
polynomials of degree two. Then we say that $(M,\mathcal{F}^{\cdot})$ is a K\"ahler-Liouville
manifold if it satisfies the following conditions:
(KL.1) $E\in \mathcal{F}$ ;
(KL.2) $\{\Gamma^{\tau}, H\}=0$ for any $\Gamma^{\tau},$ $H\in F$;
(KL.3) $\Gamma_{p}^{4}=\Gamma^{i}|_{T_{\dot{p}}M}$ is a hermitian form for every $p\in M$ and $F\in \mathcal{F}$ ;
(KL.4) $\Gamma_{p}^{i}(\Gamma^{4}\in \mathcal{F})$ are simultaneously normalizable for every $p\in M$ ;
(KL.5) $\{\Gamma_{p}^{d}|\Gamma^{r}\in \mathcal{F}\}$ is $n$-dirensional at sore $p\in 1\backslash /1$ .
Note that only $n$ first integrals are given in the definition. I-Iowever, it
will turn out that other $n$ first integrals appear automatically if some non-
degeneracy condition is assumed. They appear as infinitesimal automor-
phisms of $(M, \mathcal{F})$ . If $M$ is copmact, then those yield a holomorphic $(C^{x})^{\iota}’-$
action on $fl/$[, and $M$ bccomes a toric variety with this action. A typical
example is a complex projective space with the standard K\"ahler metric.
3. Two-dimensional manifolds Let $M$ be a two-dimensional rimman-
nian manifold diffeomorphic to the sphere, and suppose that its geodesic flow
has a nontrivial first integral $F$ , which is a homogeneous polynomial of degree
$k$ on each cotangent space. Such $(\Lambda\parallel, \Gamma^{J})$ is wcll-understood $\iota vl\iota enk=1$ or 2:
If $k=1,$ $M$ is a surface of revolution and $F$ is a Killing vector field gener-
ating the revolution (identified with a function on $T^{*}M$); and if $k=2$ , then
$(\Lambda f, \Gamma^{4})$ is a Liouville surface. Also, two one-parameter families are $1\{nown$
for $k=3$ and 4 by Bolsinov and Fomenko. Here we introduce a $faInily$ of
such $(\Lambda l, F)$ for every $k\geq 3$ , which we found recently. They form a family
parametrized by functions in $onc$ variable for each $k$ , and each of them is a
$C_{2\pi}$ manifold, namely, all geodesics are closnd and have the $SamC^{1}[e1^{\cdot}1b^{1th2\pi}\cdot$
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